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ON INVERSE SCATTERING  FOR THE KLEIN-GORDON

EQUATION

BY

TOMAS P. SCHONBEK

Abstract. A scattering operator S= S( V) is set up for the Klein-Gordon equation

\Ju=m2u (m>0) perturbed by a linear potential V= V(x) to D« = m2M+ Vu. It is

found that for each R>0 there exists a constant c(R) (of order R2~" as R -> +00,

n = space dimension) such that if the Li and the L„ norm of Kand V are bounded by

c(R), V — V is either nonnegative or nonpositive, and V' — V is of compact support

having diameter SÄ, then S(V')¿S(V) or V'=V. Here <?>n/2, and c(7?) may also

depend on ç/.

1. The purpose of this paper is to find conditions under which the scattering

operator for the Klein-Gordon equation

Dw = m2u,       D = A-82/8t2,

A the M-dimensional Laplacian, perturbed by a linear potential V= V(x) to

□" = m2u+Vu,

determines the scatterer V. For reasons of simplicity, we assume m > 0. Then we

can assume m = 1, which in fact we do.

We look at the equations above in a suitable Hubert space setup and consider

the scattering operator as a mapping F->- S(V) from a Banach space of functions

to a Banach space of operators.

In the next section, we begin by developing a certain amount of theory essential

to our results. This theory is basically a restatement of the results of [5, Chapter X,

§5], in a slightly more general setup, which is convenient to our needs. In §§3 and 4

we introduce the Hubert spaces Ha (a e R1) in which we will work, and construct

the wave and scattering operators as operators in H0. In §§5 and 6 we combine all

three previous sections to obtain some estimates on the wave operators, which

lead us finally to our main result, stated in Theorem 7.5. The notation which is not

explicitly defined when first used is either standard or self-explanatory. If u is a

function on 7?n, we always denote by û the Fourier transform of m which comes from

defining

0(0 = O)""'2 f   exp (-!<*, OHx) dx

if m is an L± function.
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We believe that the method applied here is new, though essentially straight-

forward. It relies heavily on results from [5] and [7]. It might be called an "implicit

function theory approach"; as such it merely asserts uniqueness of the potential

within a certain "domain of potentials", without attempting to construct it. For a

constructive approach to a closely related problem, we refer to [3] and the refer-

ences therein. We also refer to [6] for a very complete treatment of the scattering

and inverse scattering problem for the equation fju = 0 perturbed by an obstacle,

and to [8] for a more physically oriented approach to scattering. Both [6] and [8]

have an excellent list of references, to which we refer for more information about

scattering and inverse scattering problems. Finally, we want to mention, and thank

the referee for pointing this out, that [2] contains a much more general and com-

plete treatment of most of the material of §4.

The paper constitutes a first generalization of the author's doctoral dissertation

at the Massachusetts Institute of Technology, under the direction of Professor

Irving E. Segal. The author finds it a pleasure to acknowledge his deep indebtness

to Professor Segal, both as a teacher and as an advisor. The author also wishes to

thank Drs. Franklin E. Schroeck and Kerris W. Thompson for many interesting

conversations on the physical aspects of the problem.

2. In this section H will denote a separable Hubert space, 77 a selfadjoint

operator in H. Define the Friedrichs operators r+ and Y~, with domain and range

in the space B(H) of all bounded linear operators on H, as follows: Dir*) is the

set of all bounded operators T such that

lim (a -» ± co) /     exp (itH)T exp ( - itH) dt
Jo

exists in the strong operator topology. For such a T define Y±(T) as that limit. We

write

r*(T) = i Í   °° exp (itH)T exp ( - itH) dt

(cf. [5, Chapter X, §5.2]). We shall simply write Y instead of T+ or T" if there is no

possibility of confusion.

Lemma 2.1. Consider B(H) as a Banach space in the usual operator norm. Then Y,

as an operator in this Banach space, is closed.

Proof. From the characterization of the range and domain of Y given in [5,

Chapter X, Lemma 5.3] it follows easily that the graph of Y is closed.

Write {7f(A)} to denote the spectral family determined by 77. From now on, we

assume that 77 is spectrally absolutely continuous, i.e. the nondecreasing function

(E(X)u, u) is absolutely continuous for all ueH. Here ( , ) denotes the inner

product of H. Then (E(X)u, v) will also be an absolutely continuous function for all
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u and v in H. We write p(u, v)(X) to denote the a.e. defined integrable function

obtained by differentiating (E(X)u, v) with respect to A. We set

p(u)(X) = p(u, u)(X),       HI w|]|2 = ess sup P(u)(X).

The next two lemmas state the basic properties of these objects.

Lemma 2.2. Let u, v, w, y be elements of H. Then

(a) p(u, v) = p(v, u),       p(u) ^ 0,

(b) \piu,v)iX)\2ïpiu)iX).piv)iX),

(c) (exp (itH)u, i?)(exp (itH)w, y) dt = 2n \      p(u, v)(X)-p(w, y)(X) dX9
J — 00 J — 00

if HI u II <co and \\\w\\\ <co.

(d) I + " \(exp (itH)u, v)\2 dt = 2tt V *\piu, v)iX)\2 dX ̂  2tt\\u\ • |||v|||.
J— OO J — 00

(e) \(p(u)(W2-(p(v)(X)y<2\ Ú (P(u-v)(X)y2.

Proof, (a) is immediate. For a proof of (b), see [5, Chapter X, Theorem 1.7].

The rest follow from these two, Parseval's Theorem and standard properties of the

spectral decomposition of an operator.

Lemma 2.3. Let {«„} be a sequence of elements of H.

(i) Ifun -> u, then (P(un))112 -> (p(u))112 in the L2(Rl) norm.

(ii) If ¡I w„I <co, and{un} is Cauchy in \\\ ■ \\\, then (p(un))112 is Cauchy in L^R1).

(iii) 7/t/n->«, ¡Ih„I <co and{«„} is Cauchy in \\\-\\\,then \\\u\\\ <oo and \\\un — u\\\
->0.

Proof, (iii) is a consequence of (i) and (ii), but (i) and (ii) follow from inequality

(e) of Lemma 2.2.

We now want to perturb H by an operator A, of the following type:

Assume given a a-finite measure space (M, M, p) and two measurable mappings

x ->fx, x -> gx of Af into H such that

(2.1) Í   \\fx\\2 dp(x) < co,        I"   \\gx\\2 dp(x) < co,
JM JM

(2.2) f   \\\fx\\\2 dp(x) < co,        Í   \\\gx\\\2dp(x)<co,
JM J M

(2.3) x -»- p(fx),       x -> P(gx)

are measurable mappings from Af into L^R1).

We define the operator A by

(2.4) A= Í   (,gx)fxdp(x),
JM
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i.e. for u e H we set Au=¡M (u, gx)fx dp(x). Since the mapping

(2.5) x -*■ Tx,       Txu = (u, gx)fx,

is an integrable B(H)-va\ued function by (2.1), we have A*=JM ( ,fx)gx dp.(x).

Assume furthermore

a2 = ess sup      p(fx) dp.(x) < co,

(2.6) ;
ß2 = ess sup      p(gx) dp(x) < co.

Jm

For u, v in H, set a*(u, v)(X) equal to the 7_2-lim for a -^ ± co of

(27r)1'2faexp07A)(p(W,t;)r(0^;
Jo

where

(p(u, v)y(t) = O)"1'2 f+ °°exp (-itX)P(u, v)(X) dX.
J-tx>

Then, setting

ißt p)(X) = (2-TTi) - » f + " pG*)G* - A + i8) - ! dp,
J — ao

we also have o±iu, v) = G±p(u, v), with Gi =s-lim (S j 0) G¡ .

We let a(w, t;) stand for either <t+(h, y) or tr"(«, v) if there is no need to distin-

guish between them, or if there is otherwise no risk of confusion.

We define an operator in L2iM) as follows :

[TiX)h]ix) = f   \oigx,fy)iX)\hiy) dp-iy).
JM

Assume also given an orthogonal projection P in H such that P commutes with

77, and such that if bn is the maximum of

and

esssupA||r(A)||"í   piPgx)dpix)
Jm

esssupA||r(A)|«i   PiPfix) dpix),
Jm

then

80 = Him sup (A,)1'"]-1 > 0.

The main results of this section may be summarized as follows :
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Theorem 2.4. Under all hypotheses above,

1. The operator A defined by (2.4) is in D(Y), and YiA)u = jM a(«, gx)iH)fxdpix),

for ueH.

2. \\YiÄ)U2?raß.

3. Defining inductively

Q0 = P,       Qn + 1 = r04Qn),

Zo = F,        ¿n + i = —ti¿,nA);

the series

Q(X) =   J   Xnßn, Z(X) =   2   XnZn
n=0 n=0

converge uniformly in operator norm in the disc |x| ^ S0. Here the symbol O actually

stands for two operators, Ü+ and i2_. Similarly, Z represents the operators Z+

andZ_.

4. The analytic operator valued functions D(x) and Z(x) are solutions of the

equations

a = p+xY(aq),     z = p-xr(z^),

respectively. Furthermore, for each x in the disc, we have Z(x)£l(x)=P,for any pair

of solutions of these equations. If P=I, then we also have i2(x)Z(x) = 7, and the

solutions to these equations are unique.

5. If the group generated by iiH+xA) is uniformly bounded, then the solution of

the first equation in 4 is uniquely determined by

Í2(x) = s-limO^ ± co) exp 07(77+x^))-exp (-i777).

Proof. 1. It is proved in [5, Chapter X, (5.26)] that YiTx)u=ioiu,gx)iH)fx,

where Tx is the operator defined in (2.5). The rest follows from Lemma 2.1.

2. Essentially the same proof as in [5, Chapter X, Lemma 5.11].

3. Assuming Q.k defined for k = 0, 1,..., n such that L\P=Q(C, AD.k_, e 7J)(r),

r(^4i2k_1) = Ük, we want to show A£ln is in D(r). Since

AO-n =      ( , gn.x)fx dpix),
Jm

with gn¡x = Qn*gx', by part 2 of this lemma it suffices to show that

ß2 = ess supA      pignJ dpix) < co.
Jm

Now

gn.x = Û»*f, - [rG4£în-i)]*g* = -Y[iAQ^,y]gx.
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Using part 1 of this lemma, it is quite easy to show that if v = T(T)u, with

T=\M ( > g'x)f'x dp(x), an operator of the same type as A above, then

(2.7) p(v) = JJ a(u, g'Mu~g\)p(f'x,f'y) dpix) dpiy).

An application of Lemma 2.2(b) gives

(2.8) piv) ï [ [m \oiu, g'x)\ipif'x)y>2 dpix)} '.

In our case letting The the operator iAQ.,,.^*, we get

p(gn.x)W Í \T(\Mgn-l.yKX))mnx),

with T(A) the operator in L2iM) defined above. Thus

ßn2 é esssupA Wnxy^jpig^.Jdpiy),

and since g0.x=Pgx, it follows that

ß2 ^ esssup, \\TiX)\\2"jpiPgx)iX)dpix).

By parts 1 and 2 of this lemma, AQ.n e D(T) and defining i2n + 1 = r(^4Qn), we have

l^n+i|| u2tTaßn. The convergence of the series for D(x) now follows from the

definition of 80. Since everything is symmetric infx and gx, the convergence of the

series for Z(x) is proved similarly.

4. That Q(x) and Z(x) are solutions of the equations is again an application of

Lemma 2.1 and the convergence in operator norm of their series. The uniqueness

of these solutions in case P=I follows as in [5, Chapter X, Lemma 5.14].

5. The proof of this follows the same lines as the proof of [5, Chapter X,

Theorem 5.8]. Notice that all arguments go through if the group generated by the

perturbed operator is simply bounded. We also get

(2.9) iH+xA)Qix) = £2(x)77.

3. In this section, we describe the Hubert spaces and operators with which we

want to work. The notation introduced in this section will be used throughout.

Denote by B the selfadjoint, nonnegative operator (7—A)1'2 in L2iRn), with

domain

DiB) = \u :jil + \£\2)\ûit)\2di < coj.

We assume that the space dimension « is odd, n ̂  3.

In DiBa) (the domain of Ba, a e R1), we introduce the inner product

[u, v]a = (Bau, Bav},
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where < , > denotes the usual L2 inner product. Denote by [D(Ba)] the Hubert

space completion of D(Ba) in this inner product and notice that D(Ba) is already

complete if a = 0.

Write

Ha = [D(B*+i)]®[D(B*)]

to denote the Hubert space of ordered pairs {fig) (fe [D(Ba + 1)], ge[D(Ba)]),

inner product ( , )a given by

({«, u'}, {v, v'})a = [u, v]a + , + [u1, v']a.

In all notations, we drop the subindex "a" in case a=0. For instance, we write

H for H0, etc. We use, without always explicitly stating them, certain properties of

these spaces which are immediate consequences of corresponding standard proper-

ties of the Sobolev spaces [D(Ba)].

In Ha we define the selfadjoint operator 7/ by

D(H) = Ha + „       iH= [_°J2   ¿]-

This allows us to write the Klein-Gordon equation in Ha in the form du/dt=iHu.

Let V— V(x) be a real-valued function on Rn such that the operator A(V) in H,

defined by

™ - ii a-
is 77-bounded (cf. [3, Chapter IV, §1]). Mv denotes the operator of multiplication

by V. By the first inequality in the theorem of Sobolev and Kondrashov, as stated

in [1, Part II, 5.3], it can easily be seen that V e Lp(Rn) suffices for 77-boundedness,

p = max (2, n/2).

With this operator, our perturbed equation becomes, in H, du/dt = i[H+A(V)]u.

Another operator we want to consider in H is the operator Ae(V), e>0, F as

before. Define

i A, = iAe(V) = f       ° ¡¡1,
'      l-yeMvye    Oj

with ye defined by

[y.«r(0 = (l+«|ElVB/ao(0.

This operator has the following properties :

Lemma 3.1. a. ye is a bounded, selfadjoint nonnegative operator on L2(Rn), of

norm = 1.

b. As an operator on L2(Rn), s-lim (e j 0) ye = I.

c. ye commutes with any Baire function of B.

d. IfgeL,(Rn), then so does yeg, and the L,-norm ofyeg is bounded by k times

the L,-norm ofig, with k a constant independent of e.
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Proof, a. Immediate from Parseval.

b. Let fe L. Denoting here by ||  || the L2-norm,

l|y£/-/«2 = ll(y£/r-/ll2 = f   [(l + HII2)-n,2-l]|/(ai2^,
Js»

and the last expression goes to 0 as e j 0, by Lebesgue's dominated convergence

theorem.

c. Immediate, since ye is itself a Baire function of B.

d. There exists/e L^Tx-") such that/(£) = (l + |||2)-"'2. In fact, by Parseval, there

certainly exists such an/eL2(7\n). It is not difficult to see that

fix) = (27r)-"'2|x|(2-n)'2 i™ r">2i\+r2ynl%n-2)l2ir\x\) dr,
Jo

with Jj the y'th Bessel function of the first kind. Using the iteration formulas for

these Bessel functions and the easily proven fact that, for j=(integer) + (£),

r'(l + r2)1 " Vy(r \x\) -> 0 as r -> 0, -t-oo, for any fixed x, integration by parts of the

last integral gives

fix) = (2/7r)1,2cn|x|-1 f °° (1 +ra)-a'ar sin (r |jc|) d>-,
Jo

with cñ1 = [(27r)n/2(M — 2)(« — 4) • • • 5 • 3]. The last integral may be evaluated in terms

of modified Bessel functions of the second kind. We obtain

fix) = i2/Try2cn\x\-iKoi\x\).

It follows now from Schlömilch's integral formula (cf. [4, (22), p. 82]) that /is

0[exp (—|x|)], for |x| ->co. Since/, being an L2 function, is locally in Lu this

proves that/is in Li(7?").

Set feix) = e-nl2fix/e112). Then /,(£) = (1 + e|i|2)_n/2 and the rest follows with

A:=Li-norm off.

For h a function on 7?", denote by |A|P the Lp-norm of h; set A0iV)=AiV).

Lemma 3.2. a. s-lim (c j 0)As = A, s-lim (e j 0)Ae* = A*

h. H+As and H+A* converge strongly in the generalized sense (c/. [5, Chapter

VIII, 1.1]) to H+A and H+A* respectively.

c. Assume \ F|n/2<co. If either V^O, or \ F|n/2< 1, then iiH+AEiV)) generates a

group bounded uniformly in e, t (0 5= e, te R1).

d. [exp (/7(77+ Ae))]* = exp ( - it(H+ A*)) (e ̂  0).

e. s-lim (e j 0) exp iitiH+Ae)) = exp (it(H+A)),

s-lim (e i 0)expiitiH+AE*)) = expi¡tiH+A*)),

the convergence being uniform in t, for t ranging over compact intervals.
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Proof, a is an easy consequence of Lemma 3.1. Notice that

A*{f,g} = {-B-2YeMvyeg,0}

(setting also y0=I)-

b is a straightforward application of [5, Chapter VIII, Theorem 1.5].

c. Let ueH, set

"(0 = {«i(0. "2O)} = exp (it(H+Ae))u,

E(t) - \\u(t)\\2 + <yeMvyeu,(t),u,(t)>.

Assuming u e D(H+ As) = D(H), it makes sense to differentiate the last expres-

sion with respect to t; we obtain 7£"0)=0, hence 7í(í) = 7í(0), for all t.

From Sobolev's inequality (cf. [1, Part II, Chapter 5, §5.3]) it follows, for

p = 2n/(n-2),heLp:

(3.1) |A|P ^ const\B2h\2.

Thus

<yEMvyeu,(t), «i(0> = <MtyM0. y««i(0> = \V\nl2\yeU,(t)\p2

=i \V\nl2\B2Yeu,(t)\,2 Ú |K|n/2|«0)|2.

This implies

(1-IKUW0112 ^ m = (i+iF|n/2)ii«o)ii2.

Thus

HOP Í E(t) = £(0) = (l + |F|n,2)||M||2,       if V = 0;

IKOII2 = (i-m^y^Eit) = (l-\V\nt2)^E(0)

^ (1 -1 ̂ U^-HlH-1 ̂U/a)ll"8a»       if \V\nl2 < 1.

Since D(H) is dense in H, these inequalities must hold for all u e H.

d. This is immediate.

e follows from b and [5, Chapter IX, Theorem 2.16].

4. In this section, we assume VeLnl2 and F^O, or |F|n/2<l.

Lemma 4.1. Let a > (n + 2)/4. Set

(4.1) Qa = {u e H : u = {u„ u2); B2au„ B2a^u2 e L,}.

(i) Qa is dense in 77.

(ii) Ifiu e Qa, then \\AS exp ( — isH)u\\ ^fi(s), withfi some integrable function on

the real line, which does not depend on e.

Proof, (i) Immediate.

(ii) Let IFi>a be the function defined in the first paragraph of [7], so that if

ue Qa and we set u(t)=exp (-itH)u = {u,(t), u2(t)}, we have

«i(0 = ih)[W-t,*v,+ Wt,a*v2],

with v,=B2au, + iB2a -1«2, v2=B2au, - iB2a - %¡.
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From the definition of Wt¡a as the function whose Fourier transform at the point

vis(l + |j>|2)-aexp(-ir(l-r-|j>|2)1/2), it is clear that Wt¡aeL^R"). By [7, Corol-

lary 5.2], |ÍTita|0O = O(|í|-n/2), for |f | -»-co. Thus

\Wt.a\<* â const(l + |í|)-n'2,       teR1.

Applying the Holder-Young inequalities to the expression for «i(i), we get

|«i(OU ^ const(l + |i-|)-n/2([Jr?2aM1|1 + |52a-1u1|1).

We use this in the following estimate, the constant k is the one of Lemma 3.1 ; the

steps are justified by parts c and d of Lemma 3.1 :

\\Aexpi-isH)u\\ = \yeMvysuxis)\2

Ú | Kye[exp (-isH)u]x\2 = \ V[exp (-isH){y£Uu ye«2}]i12

g I K|2|[exp i-isH){yeUu y6«2}]i|co

^ const IK|a(l + |*|)-n/a(|Äa«y,«1|x+ lÄ^-V-Wali)

á constk\V\2il + \s\)-nl2i\B2au1\1+\B2a-1u2\1),

and this proves the lemma.

Reasoning as in [5, Chapter X, Theorem 3.7], we get as a first consequence of

this lemma,

Lemma 4.2. The operators

W*±(V) = s-lim it -> ±00) exp (//(77+ AJ) exp (-/Ï77)       (e ^ 0)

exist on H.

If e = 0, we simply write W±iV). Another consequence of Lemma 4.1 is the

following

Lemma 4.3. s-lim 0 I 0) Ws±iV)= W±{V).

Proof. It is not difficult to see that

/■ + 00

W\iV)u = u + il      exp iitiH+ As))Ae exp (-//77> dt

for c ̂  0. This integral has to be interpreted as the strong limit of the corresponding

finite integrals.

Let u e Qa. Lemma 4.1 then implies that the integrand above is integrable in the

Lebesgue sense and provides a uniform ¿^estimate of its norm. Thus we may apply

Lebesgue's dominated convergence theorem to the convergence given in part e of

Lemma 3.2 to obtain

/*0D

lim ie 4 0) We+(V)u = u +1      exp 07(77+ A))A exp ( - itH)u dt.
Jo

This proves the " + " case of the lemma. The " —" case is entirely similar.
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The operators Ws± defined in Lemma 4.2 are called the wave operators for the

perturbation As (e ̂  0).

In the same way as we proved Lemma 4.2, we can also prove (by an obvious

modification of Lemma 4.1), that

(4.2) We+ = s-lim (t -> + oo) exp (it (H+A*)) exp ( - itH)

exists. We use this operator to define

(4.3) SjiV) = [We+(V)]*We.(V).

We call Se(V) the scattering operator corresponding to the perturbation AS(V).

5. We now apply the results of §2 to the situation described in §§3 and 4.

Theorem 5.1. The operator 77 is spectrally absolutely continuous in each Ha,

with spectral family {E(X)} given by

F(\\ - \ P(X)       -«"'ßWlE{X)-[iBQ(X) P(X)     J

where P(X), Q(X) are defined by

ra/rxo = (VxJit),        a<-i,
= (*)/(& -lgA<l,

= fiit)-iVxJiO,       la A;

iöw/tcö = -G)xJii),      |ai > i,
= -WiO, |A| û l;

with X\ = XÁ0, the characteristic function of the set {q e Rn : |^| >(A —21)1/2}.

Proof. It is straightforward to check that the family {7i(A)} defined above is the

spectral decomposition of some selfadjoint, spectrally absolutely continuous

operator 77'. Then check that (exp (itH)u, v)a = (exp (itH')u, v)a for all u, v e Ha,

teR1.

Given u,veHa set

P«(u, v)(X) = (d/dX)(E(X)u, v)a,       p\u)(X) = p«(u, u)(X),

III U ¡I 2a(M) = eSS   SUP   pa(u)(X), I U ¡I 0 =   HI « |||a(«»,
|A|<Af

for a e R1, 0 < M=co. We follow our usual convention of dropping the subindex

"a" in case a=0, for instance |||m|||(m)= |||"|||o(m)-

Since |(«, «)|á||«||o||f||-o> we may define (u,v) and consequently p(u, v) for

ueHa, veH-a, a arbitrary. The last written inequality may be used instead of

the Cauchy inequality to prove

(5.1) \p(u,v)(X)\2^P°(u)(X)p-°(v)(X)

in the same way as inequality (b) of Lemma 2.2.
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From now on we assume throughout that Fis an element of Li(7?n) n Ln/2(7x*n);

V^O or | K|n/2< 1. Define two functions Vu V2 on Rn by

VMW = Vix),       V.ixf = V2ix)2 = Vix).

For each x e Rn, let Isx he the L2 function whose Fourier transform is

(27r)-'2(l + e|f|2)-"'2exp [-/<*, £>].

Define

*s* - {0, t\},       Vx = {B-2?x, 0}.

Set

Px =/exiV) = V1(x)9'„       g°x = g\iV) = V2ixyT\.

In this section, we assume e > 0.

Let wn he the area of the unit sphere in 7?", set k = in—2)/2 and, for |A| > 1,

define

h f aï = «• (Aa-1)"
ey)        2 \2Tr)n[l+eiX2-l)]n

Lemma 5.2. The functions />a(0%), PaÇ¥<x), PiYex, 0%) are all =0 if |A|<1,

w/nVe

(5.2) ^(d>%) = A£(A)|A|2- + 1,       |A|>1;

(5.3) A^) = A,(A)|A|a-\        |A| > 1;

(5.4) p(V'„ <t\) = KAVfc((Aa-l)1'a|*-^|)|*-J'|-fc>        |A| > 1;

with

(5.5) piX) = Q/2) sgnX ■
(A2-1)W2

(27r)"[l+e(A2-l)f

andJk the kth Bessel function of the first kind.

Proof. This follows from Theorem 5.1 by straightforward computations.

Theorem 5.3. The mappings x ->/*, x —> gx, from Rn into H, are Borel measur-

able and satisfy properties (2.1)-(2.3) and (2.6). Furthermore

f   (,g°x)fsxdx = AsiV).
JR")Rn

Proof. Properties (2.1)—(2.3) and (2.6) are easy consequences of VeL1 and

(5.2), (5.3). Notice that pif°x) = \Vix)\pi&x), Pig\) = \V(x)\pÇ¥'x).

To prove the integral expression for AS(V), check it on smooth elements of H.

Since such elements are dense in H, the theorem follows.

We set ct(jc, y; X) = aÇVex, Os¡,)(A), with ct(k, v) defined as in §2 for u,veH.
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Lemma 5.4. IfO<e-¿\, then

\o(x,y;X)\ = A[l + |A2-l|<-3>'2]¿,(|x-j,|),

with A a constant depending only on n ;

pit) = t2~n ifO < t < 1,

= i-<i/ax»-i> ift>l.

Proof. Set k = in-3)/2, so that (n-2)/2 becomes k + (i). We use the fact that

A+(i/2,(z) = Pk(l/z1/a) sin z+ ß^l/z1'2) cos z,

with

if k = 2m; or

Pfc(A) = 2 «,A« + \        ßfc(A) =   2 Mw + S
í = 0 i=0

Pfc(A) = 2 «,A4i + 3,        ß*(A) = 2 M4y + 1
i=o / = 0

if jfc=2w+l [9, 17.24].

From this it is easy to see that G6+ of the function defined by (5.4) may be written

as a sum of terms of the form

const ilx-vl)-"+» + 1 f + "   ""expQH*-:H)   dvconsttlx   y\) j^ (J +£„2)V + 1 _y2) *,

for /? ranging from 1 to (n —1)/2, y = y(A, S) = A + /'S. The integral is equal to the sum

of the residues of the integrand in the upper half plane. These are located at

v = i/e112 (pole of order n) and at v=r, where r2 = (A+/S)2 —1, Im (r)>0 (pole of

order 1).

Claim. The residue at v = i/e112 is bounded by const \x—v|1_p, the constant

independent of e, \x—y | or A. For this, notice that the residue in question is (up to

constant factors) a sum of terms of the form

(*) e-»DV) x D^iv + i/e112)-»] x Dk[exp iiv\x-y\)] x 7)s(0»),

evaluated at v = i/e112, with h+j+k + s — n—l, Dh denoting differentiation with

respect to v /¡-times, and d(y) = (yt + l -y2)"1. One proves easily, by induction,

m

D2mdiv) = 2 ckv2k div)m + k + 1,
k=0

m

D2m+1div) = 2 ckv2k+1divy+k+2.
k = 0

Since

\dii/ell2)\ = iRetrfOV«1'8)-1]!"1 = 2e,

if 0<e^1/2, 8 sufficiently small (this follows by considering the cases A2-S2^l,

A2-82 = l separately and realizing that we may assume A2 —S2^0); we obtain
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|Dsc70/e1/2)| ^ const (e1,2)5 + 2. Using this in (*) evaluated at v = //E1'2, we see that (*)

is bounded by

const\x-y\kiell2)-p-k+1expi-\x-y\/e112)

Using the inequality ¿exp ( — Tb)^T~le~1, valid for all b, t>0, we can further

estimate (**) by const Ix-yl1-". This proves the claim.

Now letting r be such that r2 = y2 — 1, Im (r)>0, the residue at r is

i:2-)r"-1il+er2)-nexp iir\x-y\).

Again using e^| and that lim (S-s> 0) r2 = A2 — 1, we may assume |l + £r2|^|.

Thus as S->0 the residue becomes bounded by |A2 —1|<P_1)/2. Putting all this

information together, it follows that

\o(x,y;X)\ ^ const[|x->'|2-n + |x->'|(1-n)'2(|A2-l|1'2 + |x-j|-1)(n-3)'2];

and from this the assertion of the lemma follows.

We let the projection P of §2 be the identity operator in H if n = 3, P=PM for

« > 3 (0 < M < co), with PM defined as multiplication of each component by the

characteristic function of the set {||| < Af}, in the Fourier transform space:

PuU,g} = {f,gr},

A0-Aß  if Iíl <m,
= 0        if|f|i;Jf;

§xo = m if m <m,
= 0        if ||| ^ Af.

It is clear that P commutes with H. Also

p(PMu, »)(A) = p(u, v)(X)   if A2 < Af 2+1,

= 0 if A2 > Af2 + 1 (n > 3).

Thus, the 30 of §2 may be estimated by A'[l +Mn-3](\V\1+ \V\nl2) with A' a

constant depending only on n. Notice that this estimate does not depend on Af if

n = 3.

Proof of estimate. Define the operator T(X) as in §2 by

[T(X)h](x)= f    \°(gsx,f%)(X)\h(y)dy
JR"

= f    Hx,y;X)\V2(x)V1(y)h(y)dy.
JR"

By Lemma 5.4,

\T(X)h\2 g A[l + |A2-l|<"-3>'2](|K2(gl* VM2+\V2(g2* Vxh)\2),
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with g,ix) = \x\2~n if |x| <1, =0 otherwise; g2(x) = |;c|(1-n>'2 if \x\%l, =0 other-

wise.

Applying Holder, Sobolev [1, Part II, §5.3c] and Holder,

\V2ig, * V,h)\2 Í const |n|»|^a|»|A|a - const \V\nl2\h\2.

Just by Holder (since \g2ix)\ S1)

\V2ig2*V,h)\2 Ú \V2\2\V,\2\h\2 = \V\,\h\2.

Considering that

f   PÍPMgex) dx = f   piPMf°x) dx = 0
Jr" Jm

for A2 > M2 +1, the estimate follows.

From now on, we denote by A a constant which depends only on n, and into

which we absorb all such constants appearing in the estimates of the sequel. Set

ciM) = A[l + Mn-3],

i2e±(F) = Ws±iV)P       (P = 7ifn = 3, P = PM ifn > 3).

We obtain directly from Theorem 2.4, the last estimate and Holder inequalities.

Theorem 5.5. Letq^n/2,assume\V\, + \V\q<ciM)-1.Theseries2n=o &S:kniV),

with terms defined by

O-0(F) = P,        P-£±n + 1(F) = Y[AeiV)Q°\iV)],

converges in operator norm to £2e±(F). Furthermore, De± =P+Y*iAsQ.e±).

Proof. Theorem 2.4 proves convergence of the series to a solution of the last

equation above. Since the group generated by iiH+A£) is uniformly bounded

(Lemma 3.2c), it also follows from Theorem 2.4 that

Q6± = s-lim 0 -> ±oo) exp 07(77-Ms)) exp i~itH)P = We±P.

As a final result of this section we want the following two properties of the

operator 5e(F) defined by (4.3):

Lemma 5.6. Assume e>0, \V\, + \V\q<ciM)~1, q^n/2. Then

Sei V)P = P-i\     exp iitH)Aeüe -exp i- itH) dt
J — oo

ithe integral a weak operator limit), and

w-lim(£ | 0)SsiV) = 5(F).

Proof. From the equation satisfied by Qs_, it is easy to see that

exp iitH)íle_ exp i-itH) = P-i\      exp iisH)AeQe_ exp (-«//) ds.
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Thus, setting Ws(t)=exp (it(H+AE*)) exp (-itH), we have for u,veH,

(SePu, v) = (Ws + *W_Pu, v) = (Q*_w, We+v)

= lim (i -> +00) (í¿s_m, Ws(t)v)

= lim (i -> +oo) (exp (itH)íls_ exp (-itH)u, v)

= (Pw, d) — i lim (i -*■ + co)        (exp (isH)A„Cle _ exp ( - ¿ï7/)w, v) ds
J— 00

and since the lim (t -> + co) exists, this proves the expression for Ss( V) given above.

Since i(H+Ae) and i(H+A*) generate groups which are uniformly bounded

also in e, it follows that SS(V) is uniformly bounded in e. Thus, to prove

w-lim (e i 0) Se(V) = S(V), it is enough to do so on a dense domain.

Let u e H, v e Qa, Qa defined by (4.1). Set

gE(s) = (Í2C_ exp (-isH)u, Ae* exp (-isH)v).

Then

\g£(s)\ èFv(s)\\W_exp(-isH)u\\

èFv(s)l&4 H £ const MF„(5),

where Fv is the analogue for As* of the function/, for Ae obtained in Lemma 4.1(h).

Thus, by Lemma 3.2a, Lemma 4.3, the uniform boundedness in e of the wave

operators and Lebesgue's dominated convergence theorem

/•+ 00 /» + 00

lim (e I 0) gs(s) ds = g0(s) ds.
J — 00 J  — 00

This proves SS(V)P -> S(V)P in the weak operator topology, completing the proof

of the lemma if n = 3. For n>3, notice that {PMQa '• Af >0} is dense in H.

6. Fix q > n/2. Define

\V\ = \V\(q)= IFU + JFI,.

From now on we assume I V\ <c(M)~x.

Lemma 6.1. Set N2 = M2 + \.

limvrV'Alm = c(M)/(\-c(M)\V\),

\m\V)-P]*W\lm á c(Af)|K|/(l-c(Af)|K|).

Proof. Since the series for Cie(V) given by Theorem 5.5 converges in the operator

norm topology, we may write í2s(K)* = 2m=o 0em*(^), convergence again in norm

topology.

Set rm¡x = Q.sm*x¥sx. (V will remain fixed for the rest of this proof.) We now pro-

ceed similarly as in the proof of Theorem 2.4.

By Theorem 5.5

rm + i.x = &m + 1*Y°x = r04si2«m)*Y«* = -r[(AsCl<m)*YF*x.
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Proceeding as in (2.8),

pirm + ,.x)iX) ï (|    \Viy)\ \°ix,y;X)\ipirm,y)iX)y<2dyy.

Setting

Ux; A) = Í    | Viy)\pi\x-y |)(p(rm,y)(A)y« dy,
Jr"

pit) defined as in Lemma 5.4, it follows that

(*) iPÍrm + i.x)iW2 = ciM)Imix;X)

for A2gl + M.

For h e Z,œ(7?n) consider the operator

iJh)ix)= f    \Viy)\pi\x-y\)hiy)dy.
JRn

With the aid of Sobolev's inequality (cf. [1, Part II, §5.3c]) it can readily be seen

that

(**) iJh)ix)ú Cq\V\ |A|„,

Cq depending only on q and n. Thus, we may absorb it into A to obtain from (*)

7m(x; A) = ciM)[JIm.,i- ; A)](x) S c(A/)|F| |/..4(. ; X)\„.

Since r0:X=Px¥ex, we obtain, from (**) and the a = 0 case of formula (5.3), that

70(;c; X)kcqMn-3\V\. Thus 7m(x; A)^[c(M)|F|]m + 1, A2<M2 + 1, giving, by (*),

ipirm.x)iW2 = c(M)m + 1|F|m,        A2 < M2+l.

The theorem now follows by summing over all m for the first formula in the state-

ment, over all wg 1 for the second formula. Recall the definition of ||| • |||(N) and

Lemma 2.3(iii).

Lemma 6.2. Let V also satisfy \V'\ <c(A/)"1. Then, for A2<M2 + 1,

C                                                           c(MY\V\-\V — V\,
\V(x\\(o(Y*x¥e Y ATI1'2 dx <-v    ' '    I   I _LLi_

where Y=nsiV')-QsiV).

Proof. For a real-valued function hin L, n Lq, let h,, h2 be such that

h,ix)h2ix) = hix),       h,ix)2 = h2ix)2 = hix).

Recall that setting fsxih)=h,ix)^ex, gexih)=h2ixy¥ex, we obtain

Asih)= f   ( ,g\ih))pxih)dx.
J     R»
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Set

f\(V)=px,   f\(V')=px,   f\(V'-V) = nx;

gsx(V) = gex,   g\(V) = g°x',   gex(V'-V) = mx.

Notice that, by the equation of Theorem 5.5,

Y* = [Qe(V')-ne(V)]*

= {r[Ae(V')&(V')-As(V)&(V)]}*

= -T{[A£(V- V)Q.°(V')]*}-Y{[AS(V)Y]*}.

Using (p(u+v))112^(p(u))112 + (p(v))112, we obtain, proceeding as in the case of

formula (2.8),

(*) (AT^XA))1'2 ^ h(x; X) + I2(x; A),

with

h(x; •) = f    \oÇ¥°x,ny)\(p(ïl°(VTmy)y<2 dy
JR"

= f    \V'(y)-V(y)\ \a(x,y; ■)\(A&(V'W'v)Yia dy,
JR"

h(x; ■) = f   H^x,py)\(P(Y*g%)y<2dy
JR"

= f    \V(y)\Wix,y;-)\ipiY*Y%)y2dy.
JR"

It follows now from Lemmas 5.4 and 6.1 that

(*') h(x; X) í Y_C^V.\ \(V'-V)(y)\-p(\x-y\)dy.

Clearly, p(\x\)=g1(x)+g2(x), with gx e£,„(,_„, g2 eLx. Hence

f    f    \V'(y)-V(y)\\V(x)\p(\x-y\)dxdy
JR" JR"

(*") è \v-v\A\ \v\*g1\œ + \\v\*g2\a,)

Ú Ct\V-V\x\V\.

Multiplying both sides of the inequality in (*') by | V(x)\ and integrating with respect

to x, we get by (*"), for A2<Af2 + l,

<-) jm hi*; A)lv(x)\ dx s t.gi^n !F| !v'- F|1-

By Lemma 5.4, for A2<Af2 + l,

(**) h{x; ■) S c(M) f    \V(y)\p(\x-y\)(p(Y*W\)y>2 dy.
JR"



1972]        INVERSE SCATTERING FOR THE KLEIN-GORDON EQUATION 119

Since JB» |J'(x)|p(|*-J'|) dx=\ l^l *£il» + l 1^1 *£a|»^C,|K|, we obtain

from(**)

(**')        f    | Vix)\I2ix; X) dx = ciM)\ V\ f    | Viy)\ipiF*T%)(A))1'2 dy.
Jr« Jr"

By (*), (*") and (**)

f    \Vix)\ipiY*Y°x)iX)y'2dx
Jr«

- \-%M)\V'\ |K'"F|1+|F|C(M)L. ̂ WW^Mr^tfy;

and the lemma follows.

7. Fix a ^ (« -1)/2 and denote by B=7?(/7, //_ a) the Banach space of all bounded

linear operators having domain H, range included in H-a, with the usual operator

norm. Since H is a dense subspace of the Hubert space H_ a, and since the norm in

H dominates the norm in H_a, every bounded operator on H may be interpreted

as an element of B.

Let Tbe any operator, domain of T=H. We reserve the symbol |r| to denote its

norm as an element of B, i.e.

|7| = sup {\\Tu\\.a:ueH,\\u\\ = 1}

= sup {\iTu,v)\ :ueH,veHa, \\u\\ = \\v\\a = 1}.

The second equality is a consequence of the duality between Ha and H_a deter-

mined by the inner product of H. A typical example (for our purposes) of element

of B is given by the following

Lemma 7.1. Let V e L±iRn), let Tbea bounded operator on H such that \\\ r*T% |||

is bounded by a constant K. Define an operator Qs by setting

iQeu, v) = (exp iitH)AeTexp i~itH)u, v) dt
J  — 00

for ueH, v eHa; Ae = AeiV). Then \QS\<KA\V\,.

Proof. Notice that |||i>£Ä||| _a^A by (5.2). Expressing ABiV) by an integral, as

usual, and using part c of Lemma 2.2, it is easily seen that

KG.«, p)| á f    f+ " I Vix)\ \Piu, T*Y\)iX)\ \Pi&x, v)iX)\ dx dX.
JR» J -co

The lemma follows now from (5.1), Holder's inequality and the hypothesis.

For VeL,, define an operator /0e(F) by

T0% V)= - i f + °° exp iitH)Aei V) exp ( - itH) dt.
J  — CO

By Lemma 7.1, T0%V)P e B, \T¿iV)P\£ A| V\,. The operator SeiV)P is also in B
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(set T=Q.e- in Lemma 7.1, recall Lemma 5.6) and so are the operators SiV)P,

T0iV)P defined by

(7.1) SiV)P = w-lim 0 | 0) SeiV)P,

il.2) T0iV)P = w-lim (e | 0) TQeiV)P.

That the limit in (7.1) exists is a consequence of Lemma 5.6. The existence of the

limit in (7.2) is proved similarly. It is clear that this new definition of S(V)P

coincides with the one given in (4.3). This is also a consequence of Lemma 5.6.

Theorem 7.2. Let V, V eL1nLi,q>n/2, \V\<c(M)~\ \V'\ <c(AT)-1. Then

\PSiV')P-PSiV)P-PT0iV -V)P\

^       c(Af)2

"I L1     '    l-ciM)\V\Y ll-= l-c(M)|F'

Proof. Set X=Q.s_iV')—P and define Y as in Lemma 6.2; we use the same

notation as in the proof of Lemma 6.2. Set

Ds = P[SsiV')-SeiV)-To°iV'-V)]P.
Then

/  i*  + CO

dtDe = -iii +WexpiitH)AEiV'-V)Xexpi-itH),

+ f   "exp iitH)AeiV)Yexpi-itH) dt\.

To estimate (D£w, v) we may assume Pu=u, Pv = v.

iiDeu, v)= f + °° iAeiV'-V)X exp ( - itH)u, exp ( - itH)v) dt
J— CO

C+ co

+        iAei V) Y exp ( - itH)u, exp ( - itH)v) dt
J  - CO

/•     r + co

= (exp (-itH)u, X*mx)(nx, exp (-itH)v) dx dt
J Rn J - co

+ í    Í + " (exp ( - itH)u, Y*g\)if°x, exp ( - itH)v) dx dt
J R" J - oo

= í    Í + °° [ V'ix) - Vix)]ie - iWu, X*Yex)i<t>ex, e - ttHv) dx dt
J R" J - oo

+ f    Í + " Vix)ie - UHu, 7*T£;e)(<D%, e ~ itHv) dx dt.
J H" J - oo

Thus, by Lemma 2.2c and inequality (5.1), for N2 = M2 + l,

iDeu,v) =£ í   |r(*)-K(*)|.|||Ar«YM||w.|||<l>M||_a.||«||-||o||«¿x
J R"

W«)(A))1/2 iP°iv)iX)y12 f    I Vix)\ ij>i T*T%))1'2(A)

■ip-^x)ix)y'2dxdx.

• + CO

+ '
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We estimate the first term of the last member of this inequality by Lemma 6.1,

the other term by Lemma 6.2. Since |||0*Ä||| _a is bounded by A, the theorem

follows.

Lemma 7.3. Let 0<-q. Set fi(r)=0 for r>v, =ri2-nV2(l+r2ylli for 0<r<r¡.

Let uit)=ui-, t)=exp (UB)^, with <ftvii)=fM)-

Then
! 2/:>*■« *wr

with Jk the kth Bessel function of the first kind, k=in—2)/2.

Proof.

uix, t) = f   <?«*•<> exp 0'i(l + |£|2)1/2)<Â(i) di
J R«

rnl2 exp (it (I +r2)1/2)/(r)/k(r |jc|) dr.

/»co

(We drop -q as a subindex during this proof.)

Multiplying the last expression by its complex conjugate, integrating with respect

to / from — 7? to + 7?, we get, after a change of variables,

(• + 00 /• oo rv-2 ,,:_   no

|*|2-        \uix, t)\2 dt =       dv d8 S-^pgia, ß)iv2-82),
J - oo J2 J -v+2 u

with

gia,ß) = i*ßy-yia)fiß)Jkia\X\)Jkiß\x\),

« = iiW +1^)2 - 4)1'2,       )3 = (i)((Ö - vf - 4)1'2.

Since the inner integral is a Dirichlet integral, letting 7J -+ + oo, by the Lebesgue

dominated convergence theorem (which is used to interchange the limiting process

with the outer integral), we obtain, after a change of variables,

\x\»-2 ¡ + a,\uix,t)\2dt = 8 ^ rn-i[l+r2r2Uir)]2[Jkir\x\)]2 dr
J -oo Jo

= $ j\[Jkir\x\)]2 dr.

The last integral may be evaluated explicitly (cf. [4, (10), p. 90]). We obtain

|*|"-2 f" \uix, t)\2dt = 4r,2[Jkiq\x\)-Jk + ,ir¡\x\)Jk-,irl\x\)],
J — 00

and the result becomes now exactly the statement of Szasz' inequality, as stated on

p. 12 of [4].

Consider the function F(r) = (Jk(r)/rk)2, k=(n -2)/2. This function takes on the

value wn2 (ü>n = area of the unit sphere in 7?n) at r=0, and is strictly decreasing in
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the interval [0, yk], with yk > ikik+2))1'2=(i)(n2 - 4)1/2. This is an easy consequence

of the recurrence relations for Bessel functions of the first kind [4, (51), p. 11] and

the properties of yv, the first positive zero of Jv [4, pp. 59-60].

Now choose 0 < Af, 7?, z0 such that z0 < min iMR, yk). Set c(7?, z0)

= (ARa+V(7?2+z02)(o+1)I2)R2 - niJkizQ))2 and v=z0/R < M.

Then, if i/i=</r„ is as in Lemma 7.3, it is clear that u = {>p, iBift), v={iB~1ifi, </>} are

in all spaces Hb ibeR1), with ||u|| ú AjjO+ijT*. ||t>||a^ A^l+Tr2)'2'*1"*. Since

r¡<M, Pu=u and Pv=v. Also

iPT0iV)Pu, v) = iT0iV)u, v) = f    Vix) f + °° |t/(x, i)|2 ¿x <ft,
JR" J-oo

with m(jc, i) as in Lemma 7.3. Thus, by Lemma 7.3, assuming K(x)^0 and Fir) as

above

A2ri2il+v2)(a + 1)l2\PT0iV)P\ ^ iPT0iV)Pu,v)

^ At,2 f    I/(;t)F(71|;t|)(/x-T,2'c
JR"

^  At,2 [ Vix)Fir,\x\)dx-r,2k
J\x\<R

£ Fiz0)r,n-2 f K(x) cfx.
J\x\<R

Carrying out the cancellations, we get

\PT0iV)P\ ̂  ciR, zo) f Vix)dx.

Since all operators involved are translation invariant, we have actually proved

Theorem 7.4. Let V^(i;M,R, z0, c(7?, z0) as above ; DB a compact set of diameter

ÚR. Then

\PToiV)P\ g; ciR,zQ)\    Vix)dx.
JnR

Let V, V eLx r\Lqiq>nß). Assume |K| <ciM)~\ \V'\ <ciM)~\ If V - V^O,

or V— V^O, and SiV') = SiV), then combining Theorems 7.2 and 7.4 we get

i^A75Tñ [in+T^Pl]|K'-F|1 = ciR'Zo)L lF'W-FWI *■

From this, our main result is immediate.

Theorem 7.5. Let V, V eLxc\Lq iq>n/2). For each 7?>0 there exists a

constant d=diR, n,q) such that if\V\<d, \V'\<d, and V'-Vis either ^0 or g0

and of compact support Dfl, with diam (QB)^7?, then SiV) = SiV) implies V= V.

In particular, if V^O or V^O, diam (supp V)^R, then SiV) = I implies either

V=0,or \V\Zd.
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To conclude, let us notice that c(Af)>l, but can be brought as near to 1 as

desired. But since we want c(z0, R) as large as possible and since c(0, R)=0, it is

convenient to have a not too small z0. Since 0 < z0 < MR, M small forces R to be

large, and vice versa. It is also clear that the operator S( V) is the usual scattering

operator, in the sense that it relates incoming to outgoing solutions. This, at least

for solutions with initial data having Fourier transform of compact support,

follows easily from Lemma 5.6.
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